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Abstract 

In this article we follow the main idea of A. Connes for the construction of a metric in the state 
space of a C*-algebra. We focus in the reduced algebra of a discrete group T, and prove some 
equivalences and relations between two central objects of this category: the word-length growth 
(connected with the degree of the extension of T when the group is an extension of 7L by a finite 
group), and the topological equivalence between the u* topology and the one introduced with this 
metric in the state space of C*(T). 
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1 Introduction 

In [Connesl] and [Connes2], A. Connes introduced what he called non commutative metric spaces, 
which consist of a triples (A, D, H) where A is a C*-algebra, acting on the Hilbert space H, and 
D is an unbounded operator in H, called the Dirac operator, satisfying 

• (D 2 + is compact 

• the set {a £ A : [D, a] is bounded } is norm-dense in A 

We are interested in the case when T is a discrete group with identity element e and the algebra 
A is the reduced C*-algebra C*(T). The Hilbert space is £ 2 (T), with C*(T) acting as left convoluters 
(i.e. the left regular representation). The Dirac operator is defined in terms of a length function 
on T. A length function is a map L : T — > IR + satisfying 

1. L(gh) < L(g) + L(h) for all g, h E T. 

2. LOT 1 ) = L(g) for all g e T. 

3. L(e) = 0. 

If r is given by generators and relations, the prototypical length function is the map which assigns 
to each word its (minimal) length. We shall fix this data L, and we will make the further assumption 
that the sets 

{.9 G r : L(g) < c} 

are finite for any c > 0. The Dirac operator [Connes2] is then defined as follows: 

D(S g ) = L(g)S g 
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where {5 g : g G T} is the canonical orthonormal basis of £ 2 (T). As is custom, we shall denote by 
X g the element S g regarded as an operator in £ 2 (T). The metric (of the non commutative metric 
space) is defined in the state space S(C*(T)) of C*(T) by means of the formula 

d(i>,<p) = sup{|?A(a) - ip(a)\ : a G C r *(r) with \\[a,D}\\ < 1}. 

Here [ , ] denotes the usual conmutator of operators. This d is not necessarily finite. In this note 
we study situations in which it is finite, and consider a problem posed by M. Rieffel, asking under 
which assumptions the metric thus defined induces on the state space a topology which is equivalent 
to the w* topology. 

The basic example of this situation, which even justifies the name "non commutative metric 
space" , occurs when A is C(M), the algebra of continuous functions on a spin manifold M [Connes2], 
[GL]. M Rieffel found [Rieffel] a natural triple associated to the noncommutative tori. Also he 
pointed out that one can find a positive answer for matrix algebras. 

In this note we consider this problem for group algebras arising from discrete groups and triples 
arising from length functions. Instead of dealing with the d metric directly, we refer it to two 
metrics, d^ and d 2 , related with the asymptotic behaviour of the family {j^pj :e/jer}: 

dooVf, V) = sup — - , (1.1) 

and 

^^)-(E k(A if )|2 ) i/2 (i.2) 

First note that doo is a well defined metric and that doo((p, ip) < d(<p, ip). The first fact is apparent. 
To prove the second, note that \\[D, X g ]\\ = L(g), and therefore 

doo(tp,ip) = sup \ip(a) - ip(a)\ < d(ip,ip). 

Also note that d 2 may fail to be finite. Indeed, consider T = TZxTL. Then the family {j^j : g / e} 
does not belong to l 2 (2Z x 7L). Consider the positive definite functions f(g) = 1 for all g and 
h = 5 e . These functions induce states ip/ and ipn on C*(7L x 7L) satisfying <pf(X g ) = f(g) and 
fh(Xg) = h(g). It follows that 

e^geTLxTZ ^' 

Denote by K(T) the group algebra of T, i.e. the set of elements of the form J2g£F a g^g> where 
a g £ € and F C T is a finite set. 

Lemma 1.1 d^ is a metric in S(C*(T)) which induces a topology equivalent to the w* -topology. 

Proof. If doofanjip) — > 0, then clearly ip n (X g ) — > f(X g ) for all j / e. Since ip n ,ip are states, 
fn(X e ) = <^n(l) = 1 = <p{X e )- It follows that ip n {a) — > <p(a) for all a g K(T). Since ip n , ip 
have their norms bounded (by 1), and since K(T) is dense in C*(T), it follows that ip n — > ip in 
the w* topology. Conversely, suppose that (p n (a) — > <p{d) for all a g C*(T) and fix e > 0. Let 
F = {g g r : L(p) < 4/e}, which is a finite set, say F = {51, If 5 G F, one has 

\<Pn(X g ) - p(X g )\ < |y n (A g )| + |y(A g )| < 
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On the other hand, there exists n such that for all n > n , 

IVn(A g< ) - ¥>(A 9i )| < f min{L(gi), ...,L(g fe )}, for i = 1, ...,k. It follows that 

IVnOgJ - </>( A ffl )l < £ ^ 2 



Therefore, if n > no, then 

\<p n (\ g ) - <p{\ g )\ 



su p — = d oo{<p n ,<p) -> o. 

3#e M.9J 



□ 



2 Comparison between c^doo and di 

Here we establish the basic inequality for these metrics, namely d^ < d < d 2 . 
Lemma 2.1 Let a = J2 g eF a g^g e ^(^); then 

||[Aa]||>(^K| 2 L( 5 ) 2 ) 1/2 - 

gS-F 

Proof. Note that 

[D, a]S e = E a g[ D > x g}$e = ~ E a 9 L (d)Sg, 

g£F gGF 

because DX g S e = D5 g — L(g)S g , and in particular DS e = 0. Therefore 

\\[D,a]5 e \\l = J2W 2 L(g) 2 . 

g&F 

It follows that \\[D,a}\\ > ||[Ao]5e|| 2 = (E g eF Wg?L{g) 2 f' 2 ■ □ 
Proposition 2.2 

doo{<P,il>) < d(<p,ip) < d 2 (<p,i>). 

Proof. Pick a = J2 g eF a g X g e K ( T )> with II [A a] II < 1 ( notc that for an y a G ^( r )> [A a] is a 
bounded operator). Then 

k(a)-^(a)| = |X;« fl (v(A fl )-V(A fl ))| = | E a g L(g) (y(A ^~ ^ (Afl)) |, 

gGF e^geF [i) ' 

which by the Cauchy-Schwartz inequality is less than or equal to 

(E KIW) 1/2 (E k(Ag Ly g) '> 2 < \\[D,a]\\d,M) < M<P,*)- 

e^gEF e^gEF [9 ' 

The proof finishes by observing that the set of elements a G K(T) with ||[D,a]|| < 1 is dense 
among elements b G C*(T) with \\[D,b}\\ < 1. Indeed, let b = J2 ge r Pg X g e C *( T ) with II [A 6] II < 1- 
For finite sets F C T, the truncated elements b F = ^ g£F P g \ g G -S'(r) converge in norm to b. 
Clearly also the (bounded) commutants [D,b F ] converge in norm to [D,b]. 

Denote by N F = || [£>, 6] || || [D, b F ] H" 1 (after droping the elements 6 F with [D,6 F ] = 0). Then 7V F 6 F 
lies in K (r), the commutants [D, iV F & F ] have norm less than or equal to 1, and converge to b. □ 
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We emphasize that d 2 might be infinite. It would be finite if for example the family {-j^y ■ e ^ g E 
T} would lie in l 2 (T). This imposes a strong condition on T, namely, that the group T has linear 
growth (polinomial growth with degree 1), see [Gromov] and [Connes2]. This means, that there 
exists constants k, I such that #{g £ T : L(g) < c} ~ kc + I. 

Example 2.3 Let us consider the following examples, of groups T wich satisfy that the family 
ilk) -e^geT} lies in P. 

1. Let r = TL. Here the length function is L{m) = \m\, m G TL. The group C* -algebra equals in 
this case C(S 1 ). 

2. Let r be a finite extension ofTL, i.e. a group T which has a copy of TL inside, as a normal 
subgroup, and the quotient T = T /TL is finite. Then, as a set, T isTLxT . Let T = {/i, f n }. 
Then the classes of (1, /i), (1, /„) (i.e. these elements regarded as elements of T) are 
generators for T. Let us consider the length function L given by word length with respect to 
this set of generators. Note that for this L, there are at most 2n elements ofT with any given 
length. It follows that {jjjj : e ^ j e T} lies in £ 2 . The (reduced) C* -algebra of such T can 
be computed. They consist of algebras of n x n matrices with entries in C(S 1 ), see chapter 
VIII of [Davidson] for a complete descrition of this computation. Let us point out two special 
cases of this type 

(a) r = TLx T with the usual product for pairs. In this case the C* -algebra is C*(TL x T) ~ 
C(S 1 ) <S> C*(T). The algebra C*(T) is finite dimensional, therefore in this case C*(T) 
consists of a direct sum of full matrix algebras with entries in C(S 1 ). In particular, if 
T = Sk the group of permutations of order k, then C*(T) = Mk{C{S 1 )). 

(b) Consider the (unique) nontrivial automorphism of TL, 9(m) — —m. Then one has a 
7Z>2 extension ofTL, T = TLxg TL^, and the corresponding C -algebra C*(T) is the cross 
product C{S 1 ) Xg 7L 2 , which identifies with the algebra of 2x2 matrices with entries in 
CiS 1 ) of the form 

( m g{z) \ 

\ m g(z) ) ' 

where f and g are continuous functions in S 1 . 



Proposition 2.4 If Y has a length function L which satisfies that {-^y ■ e ^ g E T} is square 
summable, then the metric d is well defined (is finite) and induces on the state space of C*(T) the 
w* topology. 

Proof. Since {jjjj} £ d < d 2 < oo. By the above results it suffices to prove that if a sequence 
(p n converges to ip in the w* topology, then it converges in the d metric. We claim that it converges 
in the d 2 metric. Fix e > 0. There exists a finite set F — {gi, ...,gk} such that 



I 2^ L ( g y ) ^IL L{g) 2) <e / z - 

ger-F y -> ger-F yt>J 



Put c = (X)i=i Lisi)' 1 ) 1 ^ 2 " There exists n such that for all n>n a , one has \(p n (\ gi )— ip(X gi )\ < e/2c. 
Therefore 

/V^ l^"( A g.) ~ y( A 3»)l% 1/2 . /0 

[ h L(gi) 2 > <£/2 - 

Then d 2 (tp„,tp) -> 0. □ 



4 



Corollary 2.5 IfT is a finite extension ofTZ, then in S(C*(T)) the d metric is well defined and 
induces the uj* -topology. 



3 Normal states which are bounded with respect to the 
trace 

We shall prove that the metric d is finite on the set of normal states of C* (Y) which are bounded 
with respect to the trace of C*(T), i.e. the states tp which extend to normal states of the Von 
Neumann algebra £r of T, and verify that there exists a constant k > such that 

tp(a*a) < nr(a*a), 

or shortly, tp < kt. Recall that the trace r is given by r(a) = (aS e , S e ). There is a Radon-Nykodim 
derivative for all such tp [Araki]. Namely, there exists an element p v > in Cv such that 

tp(a) = r(p v a) , with \\p v \\ < k 1/2 . 

Denote by <S K the set 

S K = {tp G S(Cr) : p < kt}. 

First note that a state which lies in S K is necessarily normal. Indeed, let {pi : i £ 1} be an arbitrary 
family of pairwise orthogonal projections in Cr- Fix e > and let J C / be a finite set such that 
T (Ei G /-./^) = ^ei-J^Pi) < e / K - Thcn ¥>(Eiei-jPi) < e - Therefore < tp(£ ieI Pi) = 
Ej e j^(Pj) + ^(Eie/-jPi) < Ejej^(Pj) + e- That is > £ i6 i¥>(Pi) = v(Ei 6 /P*)' and P is normal. 
Also it is apparent that S K is w* compact and convex. 

Proposition 3.1 The metrics d and d 2 are well defined on S K and induce the w* topology. 

Proof. Note that if p G S K then 

</>( A 9 ) = T (/V A s) = (p<pSg,5e) = P v (g~ V ), 

where denotes the <7~ ^coordinate of p v regarded as an element of i 2 (T). In particular, it 

follows that the family {tp(X g ) : g G T} is square summable. Moreover, 

(E l^)l 2 ) 1/2 = \Wh <IM<« 1/2 - 
ger 

It follows that if tp,ip G S K , them 

e^ger [g> 

Suppose now that p n — > tp in the w* topology. Fix e > 0. Then the set F — {g G T : L(g) < 2n/e} 
is finite. Say F — {g\, ...,g n }. If g lies outside F one has 

\ 1^ J7g)2 ) Wni^g) - ^g)\ ) <£• 

e^ger-F VJ1 ger-F 

Let C — X^r=i L(g ) 2 ■ There exists n such that if n > n then 

\fn{^ gi ) - <p(^ gi )\ < e/C for i = 1, -, Ti- 
lt follows that d(tp n , tp) < d 2(p n ,p) < e if n > n . □ 
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Remark 3.2 1. The first part of the proof in fact shows that if ip and ip are normal states of 
Cp whose Radon- Nykodim derivatives with respect to the trace r lie in £ 2 (T), then d(ip,?p) < 
d 2 (ip, ip) < oo . 

2. It is apparent that the metrics d and d 2 are also finite on the set D K> oS K 
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